In this note, we obtain a matrix inequality for matrix monotone functions, which is a generalization of an inequality due to Audenaert [Linear Algebra Appl. 422(2007)279-283].
Introduction
Let M n be the space of n×n complex matrices. We denote by A the operator norm of A. A matrix X is called a contraction if X * X ≤ I, or equivalently, X ≤ 1. Let A, B ∈ M n be Hermitian, the order relation A ≥ B means, as usual, that A − B is positive semidefinite. A real-valued continuous function f (t) defined on a real interval Ω is said to be matrix monotone if for all such Hermitian matrices A, B of all orders whose eigenvalues are contained in Ω.
The Löwner-Heinz inequality says that if 0 ≤ A ≤ B and 0 ≤ r ≤ 1, then
Thus the Löwner-Heinz inequality says that the function f (t) = t r , 0 ≤ r ≤ 1 is matrix monotone on [0, ∞). However, the answer is negative in general for r > 1. For more information on matrix monotone functions and related concepts the reader is referred to [2] [3] 6] .
Recently, Audenaert [1, Theorem 1] proved that if f is a matrix monotone function on [0, ∞) and A, B ∈ M n are positive semidefinite, then
Bhatia and Kittaneh [4] give a short and simple proof of this result. As an application of inequality (1.1), Audenaert [1, Theorem 2] settled a conjecture of Zhan [5] [6] in the affirmative.
In this note, we obtain a generalization of (1.1).
Main Results
Now, we show the generalization of (1.1).
Theorem 2.1 Let A, B ∈ M n and suppose that f is a matrix monotone function. If AB = BA, then
Proof. First assume that A and B are positive definite. The general case will follow from the special one by a continuity argument. Let
.
Inequality (1.1) is equivalent to
It follows that T −1/2 2
Since AB = BA, we know that there exists a unitary matrix U such that
and hence
3)
It follows from (2.2) and (2.3) that
which is equivalent to T This completes the proof. Combining with the Löwner-Heinz inequality and (2.1), we can get (1.1).
